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Overview

What is the problem we are going to face?
Determining the (generalised) stress fields in concrete slabs on grade
(namely, plates on elastic soil) end subjected to sustained and live
loads and thermal effects.

How will we approach it?
We will resume the formulation of the Kirchoff model for «thin»
elastic plates, introduce the supporting effect of soil and convert the
differential equations into their finite difference representation.

What is the final goal of this presentation?

Realising a spreadsheet for analysing concrete slabs on
elastic soil, subjected to self-weight, concentrated loads and
thermal effects.




Overview

The final goal: a spreadsheet for the analysis of slabs on grade
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Overview

Comparisons with «black-box» commercial FE solutions/1
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Overview

Comparisons with «black-box» commercial FE solutions/2

Finite Differences — M11 Finite Elements (SAP2000) — M11




Overview

Comparisons with «black-box» commercial FE solutions/3

Differenze Finite — M12 Elementi Finiti (SAP2000) — M12




Overview

1. Thursday 20 October:
- Summary about the elastic theory of (thin) plates;
- Plates on grade (Winkler soil);
- Summary about Finite Difference (FD) schemes;
- Introduction to the FD solution of elastic plates on grade.

2. Tuesday 25 October:
- Clarifications about the previous lecture;
- Addition of thermal effects;
- Implementation in MS Excel;
- Examples and comparisons.



Overview

v' Summary about the elastic theory of (thin) plates;



Theory of thin elastic plates

Kirchhoff-Love plate theory: definitions

Plates are defined as structural elements
with a “small” thickness compared to the
planar dimensions.

Thickness-to-width ratio of plates
is less than 0.1.

Plate theories are based on this

“disparity” in lengths, which allows

reducing the full 3D continuum

mechanics problem into a|2D problem;———

Plate theories aim is to calculate the
displacement and stresses fields induced
by external actions.

The Kirchhoff-Love theory for “plates” is the
equivalent of Euler—Bernoulli for “beams”,

It is assumed that a mid-surface plane
can be used to represent the 3D into 2D.

w=w(X,Y)




Theory of thin elastic plates

Kirchhoff-Love plate theory: assumptions

Undeformed configuration
The following kinematic assumptions that are made

in this theory: ' X )
v { T VT

straight lines normal to the mid-surface
(“chords”) remain straight after deformation;

v’ straight lines normal to the mid-surface remain
normal to the mid-surface after deformation;

v’ the thickness of the plate does not change as a
results of deformation.

/|

O

x

Main Kirchhoff-Love assumption:
oW

a—X Deformed configuration

Py =

N.B.: @, is the rotation of the normal segment
in the x-z plane



Theory of thin elastic plates

Kirchhoff-Love plate theory: displacement field

Undeformed configuration
As a consequence, the displacement of any point of

the “chord” passing through the point (x,y) of the I
s

mid-surface depends on the rotation ¢, and the
distance z from the mid-surface:

c
Il
I

N

ow
OX

Similarly:

The displacements of a point P(x,y,z) depends on:
v the displacement w(x,y) of the mid-surface;

v’ the distance z from the mid-surface.




Theory of thin elastic plates

Kirchhoff-Love plate theory: strain field

The six components strain field can be determined from the displacement field based on the general
compatibility conditions commonly assumed in continuum mechanics:

L _ou_ 8°w ]
X ox ox? — .
) - Axial strain on the mid-surface (z=0) are zero
S_W_ oW
y= =l
oy 2 -
_ oW ~0 Assumption #3: the thickness of the plate
€z = E - does not change as a results of deformation
Y NN _ g O'w Sh he mid 0
= T =&l ear strain on the mid-surface (z=0) are zero
ou ow 7
= — _—= O
¥xz 07  OX The straight lines remain
- perpendicular to the deformed
oV oOw id-
v =+ M g mid-surface
2oz oy :




Theory of thin elastic plates

Kirchhoff—Love plate theory: stress field

The six components stress field can be partly determined from the strain field based on the general stress-
strain relationships assumed in continuum mechanics: T

XX

v]

E E o°w  o*w - =
Oy = 2-(8X+v-8y):— @ >tV AN
1-v 1-v* | OX oy ) % A
E E(z) (0w &*w . ,
Oy = 2'(8y+v'8><):_ 2| 22 TV 2 T/\ “
1-v 1-v* | oy OX 52\ ,
c,~0 4
T~

o

The components t,, and t,, can only be determined from equilibrium conditions:

Ty =G Yy =—22-
Xy Txy 5. ( 8x8y

5 2
86X+ Txy+asz -0 Ty, = E2. S_—@ iAW 2 2
ox oy oz 1-vo (8 2 ) OX AW=a W+a e
, 2 2
aTYX + aGy + (9’Cyz =0 T, = E 22 °£AW > i
ox oy oz o128 2




Theory of thin elastic plates

Kirchhoff-Love plate theory: generalised stress field/1
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Theory of thin elastic plates

Kirchhoff-Love plate theory: generalised stress field/2
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Theory of thin elastic plates

Kirchhoff-Love plate theory: generalised stress field/3
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Theory of thin elastic plates

Kirchhoff-Love plate theory: equilibrium equations/1




Theory of thin elastic plates

Kirchhoff-Love plate theory: equilibrium equations/3

2 6°M,,,  8°M
aMX+2- >4 Y +q=0
ox° oxoy  oy?
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+2- + =—
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Germain-Lagrange equation




Theory of thin elastic plates

Kirchhoff—Love plate theory: Boundary Conditions/1

Force Components Displacement Components

V, normal shear force

w transverse displacement

M, (normal) bending moment @, rotation in the plane s-z

M, . (tangential) torsional moment ¢, rotation in the plane n-z

Rotations are not independent of the transverse displacement w




Theory of thin elastic plates

Kirchhoff-Love plate theory: Boundary Conditions/2

Force Components Displacement Components

W= [ My ds+ [ Mpg-@g-ds+ [ V,-w-ds=0
oP oP oP

w= | Mn-%-ds+_[Mns-%-dSJrJ‘Vn-w-ds:
on oS
oP oP oP

_aIPMn - ds+a_[P(Vn+ P jwds .Z:;( ns.i ns,,)W,—O

R

n




Theory of thin elastic plates

Kirchhoff-Love plate theory: Boundary Conditions/3

Static Conditions Kinematic Conditions

K (Free sides) ¢<" (Restrained sides)




Theory of thin elastic plates

Kirchhoff-Love plate theory: summary

Beams in bending

Plates in bending
(Euler-Bernoulli Theory)

(Kirchhoff-Love Theory)

Assumptions: transverse plane sections
remain plane and normal to the
longitudinal axis after deformation.

Assumptions: normal straight segments
remain straight and normal to the mid-
surface after deformation.

Differential equation: Differential equation:
d'w g o*w 9 o*w N o'w q
dx* El ox*  oxfoy® oyt D
Boundary conditions: Boundary conditions:
w=0 or V=0 or R=0
w=0
dw My edges = 0
& =0 or M=0
oW

=0 or M, =0



Overview

v' Plates on grade (Winkler soil);



Plates on grade

Winkler soil model

Foundation Slab
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Foundation Slab modeled as beam/plate

Os

kOw

% % Soil Springs
<—

According to the Winkler’s model the soil behaves as a bad of mutually

independent linear (and bi-lateral) springs.




Plates on grade

Winkler soil model: advantages and limitations

Advantage: the soil reaction o (x,y) in a given point of coordinates (x,y) only
depends on the local vertical displacement w(x,y) multiplied by a stiffness
coefficient (FL3] often referred to as “modulus of subgrade”.

of (X, Y
or (X.y)=ko-W(x,y) w(X,y)= ff( )
0
Limitations:
Actual response Winkler idealisation
’ q
/)
P ‘w Springs
S SRR N RN
RTINS

q



Plates on grade

Winkler soil model: modulus of subgrade k|,

Modulus "k; in Ib/sq in./in.
100 150 200 250 500 800
B ] General soil rating as subgrade, subbase or base
. Excellent Good |Best
Very poor subgrade suggggde Fair to good subgrade | ¢, horode Good subbase | | o |paee
— Gw .}
-Gravel P - Poorly groded g
(s;-sf;?.'ée L-Low t{agrned. compressibility GC
M-"Mo,very fine sond,silt  H - High compressibility | GP
C-Cloy | GF )
F - Fines, material
less thon O.1mm Sw
0-Organic J SC
W-Well graded P
SF
g CH ML
< OH CL os = kOw
) oL
< MH
N/mm3 0.0271 0.0407 0.0543 0.0679 0.136
kge/cm?3 2.76 4.15 5.53 6.92 13.83




Fundamental equations
Kirchhoff theory of thin plates

o*w o'w  d*w q
ittt =
OX ox<oy- oy D

gd=d (X, y) Normal load function

W=W (X, y) Normal displacement function

Equation of plates on an elastic foundation

Winkler soil 1 1 1
0 LAY o'W +a W+k0w_ q




Fundamental equations
Boundary conditions: free plate

y :| .y
x=a

___________________________ . X
I\/Ix\x=0 =0 T Mx\x:a =0
oM b | oM
{VX+ Xy} =0 | | {VX+ X
8y ‘x:O %-------.--_-_-_____________i ay
y
2 2
M, =-D (5—"2V+v-a—"2"j
OX oy
2 2 2 3 3
Ry=-D 2| W, OWI b1 )L IW_ p|TW, (o ). oW
ox\ ox%  oy? y OXay X OX3Y>



Fundamental equations

Boundary conditions: free plate

oS III X
Myjy=0 =0 T Myjy=p =0
bl
oM i oM
Vv, +— =0 | | Vv, +— =0
OX l 1 OX -
y=0 | e ly=b
y
0 0
M, =-D (ﬁvsz @(—VZ"J




Fundamental equations
Boundary conditions: free plate

___________________________

X

M

Xy|x=a,y=0 —

0



Overview

v' Summary about Finite Difference (FD) schemes;



Finite differences

Fundamental ideas

Any function f(x) can be represented by a “Taylor series”, which is an infinite sum of
terms that are calculated from the values of the function's derivatives at a single point.

Hence, any function can be locally approximated by its derivatives at that point.

f(x)=f(x0+Ax)=f(x0)+f'(xo)-Ax+f"(2)!(0),Ax2+o(\Ax\2)

Local approximation Residual Error (Af)

Example: approximation of f(x)=sin x around x,=0.

X =Ax =0.1 Af(0)=1.67-107
f(x):sinx f(O):() sin(O.l):0.099833
sin(0)+cos(0)-0.1=0.100000
f'(x)=cosXx f'(0)=1
() (0) X = Ax =0.01 Af(0)=1.67-10""
f"(x)=—sinx f*(0)=0 sin(0.01) = 0.010000

sin(0)+cos(0)-0.01=0.010000



Finite differences

Central difference scheme

f(xo+Ax)zf(x0)+f'(xo)-Ax+f"(2)l(0).sz (1)
. () axa T Xo) o2 2)
f(Xg@AX) = f (Xq Jof '(Xg)- AX + o AX

An approximate expression of the first derivative can be obtained by subtracting (2) from (1).

f(Xo+Ax)—f (X —AX)
2-AX

f(Xo+AX)—f(Xg—AX)~2-f'(Xq) AX f'(xq)=

An approximate expression of the second derivative can be obtained by adding (1) and (2).

f(Xo+AX)+F(Xg—AX) = 2-F(Xo)+F"(X)-AX* [f"(Xo) = f (%o +A%)—2-F(xg) + (X0 —Ax)

AX?




Finite differences

Discretisation and approximation of derivatives based on the function values

f(Xo+Ax)—f (X —AX)

f(Xo+Ax)—2-f(xq)+f(Xq—AX)

f'(xq)= > f"(x)= o
f(x) 1
unknown function
e
-0
/'O"
°- fM ' fM+1 _fM—l
’ 2 - AX
o
Fon fvg —2fpm + v
M AX?
AX_ AX R
Xz Xma M XM Xy X




Finite differences

Approximation of higher-order derivatives

fM
- 0
fo'x fM+1 _fl\/l—l ® g o g o
M ~ 2. AX M2 M1 M M+l M+2
.I: n__ f|\/|+1 - 2f|\/| +fM—1 O (]; -g é @
M = sz M2 M1 M M+l M+2
f '":(f ")'z fM+1_2fM +fM—1 _ 1 . 1:M+2 _fM _Z.fl\/l+l_fl\/l—l +fM _fM—Z
M M Ax2 Ax2 2. AX 2 - AX 2 - AX
-1 2 0 -2 1
£ fvme2 =2 fma+2- Ty —Tveo e o o o o
M — 2°AX3 M-2  M-1 M M+l M+2

oo (f o\ fva—2fm+Tma ) - T =4 Tma+6-Tu—4- Ty +fuo
w"=(fw")"~ =

sz Ax4
+1 4 6 4 1
@ @ @ @ @



Overview

v FD solution of elastic plates on grade.



Finite difference
Conceptual approach

Finite Difference
Discretization

Algebraic conversion

||

Field equations

Boundary conditions

Main unknowns

WM, N




Finite difference

Central difference expressions

WM N =W (Xp, YN ) T
» | |
% _ WM+1,N _W|\/|—1,N l .
aX X:XM 2-A """"""""""""""""""
Y=YN
2 y
ow ~ WM N =2 Wy N WMo N
8X2 X=X AZ
Y=YN
& W —-2-W +2-W —w
ow _ WM+2N M+LN M-1N ~Wpm_2 N
ox® X=Xy 2.A3
Y=YN
4
0w C WpoN 4 W N0 Wy N =4 Whygn T W2 N
4 B 4
X b A 21 4 6 -4 1




Finite difference

Central difference expressions

Wm,N :W(XnyN)

ow
oy

oW

a>/2 X:XM

- WM N+ TWM N1
2-A

CWpNa — 2 Wy N Wy Nt
A2

CWpN2 =2 W N F 2 Wiy N- Wi N-2
2-A3

CWpN2 — 4 Wy Na O Wiy N — 4 Wiy Nt Wi N-2

___________________________

............................

A4



Finite difference

Central difference expressions

cw| 00w
axay X:XM @/ aX X:XM
Y=YN Y=YN

| o dw
8x28y2 X=Xp ox* 5)/2 X=Xp
Y=YN Y=YN

~ WM N+ WM N-1 T WM N+ T WM N1
4.A?

C Wna N~ W N WM -~ 2 Wi N H 4 Wivngg — 2 Wi T WM N ~ 2W N WMo N

cw|  _odw
8x6y2 x=x,, OX 8y2 X=Xy
Y=YN Y=YN

o°w 0 8w
8x26y X=X oy ox? X=X

Y=YN Y=YN

A4

- Wi N ~WM-Na ~ 2 WM N T2 Wt N T WM N- — WM- N4
2. A3

~ Wn N+ WM N-L 2 Wi N 2 Wiy N F Wi Nt — Wi N-
2A°




Finite difference
The 2D grid




Finite difference
Central difference expressions

4 4 4
ow _, 0w 0w Kw_g —) Wition +

RN P R E
OX OX ay ay D D 2-Wy Nt =8 W N +2- W N +

k

0 A4
WM,N—2_8'WM,N—1+(20+E'A Wy N =8 WpNst T WhM N2 +
2:-Wyp_gN1 —8 WyaNn+2-Wygnag +

Wnp-2 N =

_IMN 4




Finite difference
Central difference expressions

___________________________

Total number of unknowns:

I\_/I-N+4-(I\_/I+N+1)

Total number of equations:

M- N




M

X[x=0 —

0

Finite difference

Boundary conditions: free side

———————— . X
T Mx\x:a -

0



Finite difference
Central difference expressions

V-Wnm N+

+WM—1,N _2(1+V)WM,N +WM+1,N
+V 'WM,N—l

=0

Total number of new equations:

2-N




Finite Difference

Boundary conditions: free side

oS III ' X
T Myjy=b =0

b i |
| i oM
:Oli | {vy+ VX} =0
; | OX
y=b




Finite difference
Central difference expressions

WM+ N

.WM,N—]._Z'(]'-’_V)'WM,N +V'WM,N+1

TWM-_1N

=0

Total number of new equations:

2-M

Total number of equations:

I\_/I-N+2-(I\_/I+N)




Finite difference

Boundary conditions: free side

b |
oM i
Xy:| -0 l |:Vx+
a>/ ‘X:O IE ...........................
y
o[ o%w o%w o d%w W
_D.Gx(axz + Py J—D-(l—v)a—y@ -D- [8X3 +(2-v)




Finite difference
Central difference expressions

3 3
_p.|ZW S (2-v)- d =0
OX OXoy*~ ), _.

WpioN— 2 WpaN T2 Whyaan —Wpan +

(2= V) (Whdo st =2 Wit N+ Wi -1 — W

N2 WhigN — WM—l,N—l) =0

=0
x=0

3 3
_D.[a_"s‘)’Jr(z_v). 0 WZ}
OX oXoy

M,N

O
M,N
([ @

M,N

Total number of new equations:

J 2.




Finite Difference

Boundary conditions: free side

b
oM
=0 l {Vy + X } =0
OX
e B A ettt ‘ =b
Y
ow
(Z_V)'axzayj



Finite difference
Central difference expressions

M,N

WM N+2

—2

N

)°(YVM-|

1, N+

M, N

1+ W

1 N+1 Y

M,N

=0
y=b

ow o*w
-D -($+(2—V)- axzayJ

Wp N T2 Wy N —Wwne2 +

VM+1N-1 T2 W N-1 ~ WM—l,N—l) =0

Total number of new equations:

2-M

Total number of equations:
M- N + 4-(I\7I + N)



Fundamental equations
Boundary conditions: free plate

___________________________

X

M

Xy|x=a,y=0 —

0



Finite difference
Central difference expressions

WMaN+ ~WMaaNa T

“Wpa Nt T Wpmeanag =0

1 -1

-1 1

Total number of new equations:

4

Total number of equations:

I\_/I-N+4-(I\_/I+N+1)




Finite difference
Toward a spreadsheet

Unknowns:

WM

Total number of unknowns:
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Total number of equations:
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Overview

The final goal: a spreadsheet for the analysis of slabs on grade
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The End

Thank you for your attention
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